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O ' Abstract 

\o ' 

' We show that one-dimensional superspace is isomorphic to a non-trivial but consistent limit 
as g — > — 1 of the braided line. Supersymmetry is identified as translational invariance along 

Oh. this line. The supertranslation generator and covariant derivative are obtained in the limit in 

• question as the left and right derivatives of the calculus on the braided line. 
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1 Introduction 

Supersymmetry ^ has attracted a great deal of interest from physicists and mathematicians. 
It finds numerous applications in particle physics and statistical mechanics, in particular in the 
theories of supersymmetric quantum mechanics [§, ^, superstrings and supergravity [||, ^. There 
also exist 'super' extensions to many of the structures and concepts from ordinary mathematics. 
A particularly useful concept in dealing with supersymmetry is the idea of (rigid) superspace 
[0, P which is usually introduced as the coset [super- Poincare/Lorentz], and which may be 
parametrized by the ordinary spacetime coordinates {x^} supplemented by Grassmann variables 
{9a} transforming as a spinor (Majorana for example). We consider here only the simplest case 
of one-dimensional superspace. 
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Of central importance in supersymmetric theories is the Z2-graded structure which perme- 
ates them. Their associated superalgebras are most naturaUy represented in superspace, using 
generators built out of the superspace coordinates and the corresponding derivatives. Super- 
symmetry transformations which mix the odd and even sectors of superspace are generated by 
the odd elements of the super-Poincare algebra. In one-dimensional supersymmetry, or 'super- 
mechanics' ^, the superalgebra is just {Q,Q} = = 2H , [Q,H] = 0, where H is the 
Hamiltonian and Q the supercharge. In this case superspace consists of an even (time) coordi- 
nate t and a single real Grassmann variable 9, satisfying [t, 9] = and 9'^ = 0. 5tH generates a 
time translation, while eQ generates a super translation e and also produces a time shift ie9, so 
that under a general transformation 

9^9 + e , (1.1) 
t^t + 5t + ie9 , (1.2) 

where = and {e, 9} = e9 + 9e = 0. 

The aim of this paper is to provide a novel geometric interpretation of supersymmetry and 
superspace, showing how they arise in the g — > — 1 limit of the simplest braided Hopf algebra 
[^, the braided line, which we review in section 3 along with its associated calculus. The 
braided line is characterized by a single deformation parameter q. Its algebra contains a single 
variable 9, and (for q not a root of unity) there are no additional relations, but it has nontrivial 
braiding in its tensor product structure. It is well known that when we set q = —1, the 
braided line reduces to the superline, consisting of a single Grassmann variable, i.e. we then 



have the relation 9^ = as above. From this point of view the transformation (IT) is just a 
translation along the superline. We show in section 4 that, if instead of setting q = —1, we work 
initially with generic q {q not equal to a root of unity), and then pass to the limit as g — > — 1 
in a non-trivial but fully consistent way, some extra structure emerges. In fact our work leads 
us to the following conclusion: the one-dimensional superspace {t, 9) coincides in the limit in 
question with the braided line, the supersymmetry transformation generated by Q corresponds 
to a translation along this line, and a theory is supersymmetric if it is invariant under such 
translations. 

Of particular interest is the fact that in this limit the braided line algebra, suitably nor- 
malized, can be separated into two parts, one described by a Grassmann variable 0, the other 
by an ordinary even variable t. This separation cannot be extended to the rest of the Hopf 
algebraic structure associated with the braided line, and this is reflected in the fact that under 
a translation along this line 9 and t transform as in ( |1.1D and ( |1.2| ). Since our q —1 limit 
of the braided line cannot be written as into the tensor product of a t part and a part, the 
proper way to view superspace is as a single geometric entity, not as a composite. 
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When we take the hmit of calculus on the braided line as g — > — 1, we are able to identify the 
left derivative with the supercharge Q, and the right derivative with the covariant derivative D 



(see also |12|, obtaining the familiar superspace realizations of these operators by means of 
a chain rule expansion. 

In fact our work here is the simplest case of a much more general result. In a forthcoming 
paper we extend our work to the case of q an arbitrary root of unity, obtaining numer- 
ous results of interest in fractional supersymmetry, as well as developing a complete theory of 
g-integration in this limit. This = 1 case involves a Z„ grading, which necessitates the intro- 
duction of an ordering amongst the various elements, making it qualitatively more complicated 
than the Z2 case treated here. We are also preparing a paper ||T^ in which similar techniques 
are used to show how internal spin arises naturally in certain limits of the g-deformed angular 
momentum group. 



2 Brackets and q-grading 

In this section we establish the bracket notation and grading scheme to be used throughout; q 
and r are just arbitrary complex numbers. We begin by defining the bracket 

[A,B]qr := AB -q^BA . (2.1) 

If we assign an integer grading g{X) to each element X of some algebra, such that g{l)=0 and 
g(XY) = g{X) + g{Y), for any X and Y, we can define a bilinear graded z-bracket as follows, 

[A, Bl =AB- ^ ^ ^ q-9{A)giB) _ ^^.2) 

Here A and B are elements of the algebra, and hence of pure grade. The definition can be 
extended to mixed grade terms using bilinearity. We will also make use of the following notation, 

i^U = Y^ ' i^W- = [rUr-lUr-2],...[2],[l], , (2.3) 

supplemented by [0]^! = 1. Note that when q = —1 our grading scheme becomes degenerate, 
so that in effect the grading of an element is only defined modulo 2. If = — 1 we also have 
[r]q = when r modulo 2 is zero (r 7^ 0). A similar situation arises whenever q is an arbitrary 
root of unity, but in this paper we restrict our attention to q = —1. 



3 g'-calculus and the braided line 

The simplest example of a braided Hopf algebra IC] is the braided line, a deformation of 
the ordinary line characterized by a single parameter q. We consider a braided line algebra 
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consisting of a single variable 9, of grade 1, upon which no additional conditions are placed for 
generic q (by which we mean q not a root of unity). The Hopf structure of this deformed line 
is as follows. It has braided coproduct, 

Ae = 9^1 + l(g)9 , (3.1) 

where the braiding is given by 

{9" ® 9^) {9'' ® 9'^) = ® 9^+'^ , (3.2) 

so that 

{1^9){9^1) = q9<^9 , {9^1){1<^9) = 9®9 . (3.3) 
There are also a counit and antipode, 

£(^) = , S{9') = q'^{-9Y , (3.4) 

which satisfy all the usual Hopf algebraic relations, as long as the braiding is remembered. From 
the braided Hopf algebra perspective, the coproduct generates a shift along the braided line. 



To bring this out more clearly we adopt the notation of |19], and write 

9 = 1^9 , 59 = e = 9®l , (3.5) 

so that ( |3.3| ) leads to 

[e,9]g-i = . (3.6) 



Then, ( ^.1| ) can be written as 



A9 = e + 9 , (3.7) 



which, in standard supergroup notation, corresponds to the action of the left translation by e, 
L,9:9^e + 9. 

The above expressions provide a basis upon which to construct a differential (and integral 
[|14|) calculus on the braided line. We can introduce an algebraic left derivation operator Dl, 
in analogy with the undeformed case, via the requirement [eT>L, 9] = e, which implies that 

['Dl,9], = 1 , i^O = l) . (3.8) 

At this stage is still unspecified beyond (|3.8| ) but, as a derivation, it has dimensions inverse 
to those of 9. Regarding (3.7) as the definition the left translation by e, we can go on to consider 



right shifts R^q : 9 ^ 9 + rj oi odd parameter r/ where [9,rj\q-i = [ri,9]q = 0. Considerations 
similar to the above lead us to a right derivative operator P/j, which satisfies 

[9,VR]q = l . (3.9) 
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The left and right derivative operators are in general related |14] by 
where is an operator satisfying, 

[N,e] = e , [n,Vl] = -Vl , 



(3.10) 



(3.11) 



and consequently [N,Vr] = —Vr. This implies that [I^LjP/jJg-i = 0. We will usually work 
with left derivatives. Let f{9) be a function of 9 defined by the positive power series expansion, 



f{o) = E 



(3.12) 



m=0 L'-'Jg- 

where the Cm are ordinary numbers. The derivative of f{9) is generated by the graded bracket 
r8| ) as follows, 

d 



d9 



f{9) = [VLj{9%=Y.Cm 
m=0 

= E ^™ r™ _ 1 1 I • 
m=0 ^J?- 



m=0 



(3.13) 



This clearly reduces to the calculus on the undeformed line when g = 1. An important point here 
is that the derivative is not a part of the algebra preserved by the coproduct, but rather the 
first order form of that coproduct. The full coproduct is related to a deformed exponentiation 



of eDi [0, 13, 16]. From now on we refer to the differential calculus defined by (p.^), ( p.9| ) and 
( 3.10| ) as g-calculus. 



4 ^-calculus in the q ^ —\ limit and supersymmetry 

If we pass in a suitable way to the limit in which g — > — 1, the g-calculus takes on a particularly 
interesting form, the full structure of which has not to our knowledge been developed previously. 
In fact, we take the limit by setting q = —l-\-iy and letting y ^ 0. Taking the limit along some 
other line would only change our results by a phase factor, and this could be cancelled out by 



using a different normalization for t in (4.2) below. To take this limit we note that for generic 
q we have the relationship 



9- 



nm— 1 



(4.1) 



J q" 



[m - 1],! ' 

where m is a positive integer. In taking the g — > — 1 limit of this result we first encounter 
difficulties when m = 2, because in this limit [2]g = 0. We can only retain ( [l.lD in this limit if 
its LHS is kept finite and nonzero. This can be arranged by requiring that the q ^ —1 limit of 
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||p-| be finite and nonzero. Since [2]^ = this can only be the case if 0^ ^ as g — > — 1. To see 
that this is preserved under the left shift — > + e, we note that when q —1 ( |3.6D becomes 
the familiar anticommutator {e, 9} = 0, so that {9 + e)^ 



0, provided that 9^=e =0. We now 



note that under complex conjugation on the line q = —1 + iy, we have [2]^! 



— [2]g!. From this 



it is clear that if we define 



t := lim 



5—1 [2],! 



(4.2) 



and, as assumed, 9 is real, then t will also be real. By using the following identities, valid for 
integer r. 



lim 



\2r] 



and 



lim 



[2r + l], 

[1]. , 



lim 



lim 



1 



,2r ' 



1 



1 



-,2r+l ' 



1 



we have, for p = 0,1 (in which case = pi = 1) and integer r, 

9P {-ity QP {-ity 



9 ™i [[2r+p]g\ 



r\ 



(4.3) 



(4.4) 



(4.5) 



r! p\ 

The finite limit in ( [4.2| ) denoted by t was introduced in order to handle difficulties encountered 



when considering the q — s- — 1 limit of (4J.) at m = 2. Similar problems arise for all m > 2, 
and the importance of ([4.5D is that it tells us that these can also be handled in terms of t. Eq. 



(4.5) also tells us that any function f{9) on the braided line at generic q reduces to a function 
('superfield') of the form /(t, 9) in the q —1 limit. To investigate further the properties of t, 
and to see how it fits into our g-calculus, we now consider 



(4.6) 





i9^' 








q\ 



valid (cf. ( |4.1| )) for all g / — 1. Taking the g 
so by defining 



-1 limit we see that this reduces to [2?/,^, t] 



{{VL,VL} = 2idt 



we have 



[Out] 



1 



(4.7) 
(4.8) 



which is just the defining relation of the algebra associated with ordinary calculus. From 
( [4.8| ) it can be seen that there are alternative ways of preserving ( |4.6| ) in the g — > — 1 limit, 
corresponding to different distributions of the pj"! factor between the definitions of dt and t. 
However apart from our choice, none of these permit introducing an operator reciprocal to Dl, 
which is necessary if we are to define integration as in the generic q case [jl?!, f^] so that it 
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inverts the effect of differentiation. A discussion of g-integration wlien q is an arbitrary root of 
unity will be given in |14]. Using dt given by ( |4.7| ) to induce differentiation with respect to t, 



the full q calculus for g = — 1 obtained from ( 3.13|) and (^) is given by. 



-t = [dt,t] = i , -e = [dt,e] = -i[VL,{T^L,0}] = o 



(4.9) 



dt 



Since ^0 = and -^t ^ 0, we can only avoid a contradiction by interpreting ^ as a partial 
derivative, and ^ as a total derivative, a result which we implicitly took into account when 
choosing our notation. We can also define partial differentiation with respect to 9. We do this 
as follows 

^e:={de,e} = l , ^t:=[de,t] = . (4.10) 

Using this definition we are able to perform a chain rule expansion of the total derivative, so 
that 

ri rif) P> Ai- Pi Pi P) 

(4.11) 

By substituting ( [4.11 ) into the definition ( [1.7| ) we obtain an additional but expected condition, 



d__de_d_ d^d__d_ d_ 
d9 ~ dOde ^ d9di ~de^^di 







(4.12) 



This can all be put into the algebraic form = dg + iOdt, where {dg, 9} = 1 and (9| = 0. Now, 
let us introduce the operator q~^ where N is defined as in ( p.lll ). When q = —1 we can write 



-N 



(-1)-^ = 1 - 2eVL = 1 - 2edg [|T4|. Then if we define 



Q = Vl , D = Vn = {-iyVL 
where we have made use of ( 3.10| ), we have 

Q = de + i9dt , D = dg-i9dt , 

as well as 



(4.13) 



(4.14) 



{Q,D} = , Q^ = idt , {{Q,Q} = 2idt) 



-idt 



i{D,D} = -2idt] 



(4.15) 



From (4.15) it is clear that Q is just the supercharge encountered in one-dimensional supersym- 
metry, and D the corresponding covariant derivative; the picture, however, remains the same 
when spacetime is not one-dimensional. Noting that dg and 9 satisfy the algebra associated 
with ordinary Grassmann variables, and identifying t as the time variable, we see that the usual 
superspace realizations of Q and D are given by ( |4.14 ). However our derivation is new, and from 
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it we can see that the properties associated with these operators stem from underlying total left 
and right derivatives. Using ( 4.13| ) we can now identify Q and D as, respectively, the generators 



of left and right shifts along the braided line at g = — 1 ( In the (super)group language they 
may be identified with the right- [Q] and left-invariant [D] generators [|12||). 

To further investigate this point of view we examine the Hopf structure on the braided line 



in the g — > — 1 limit. When q = —1, (3^) reduces to 

9){9 1) = -9 ® 9 , {9 9) = 6(^9 ; (4.16) 

so that from ( |3.lD , 

A9^ = e^ ^1 + 1(^9^ + {l(g)9){9(g)l) + {e(g}l){1^9) = , (4.17) 

as required by the homomorphism property of the coproduct. The counit and antipode take 
the following form 

£(61) = , S{e) = -9 . (4.18) 



Thus far nothing in this account of the Hopf structure is new, see for example [ 11 1 for a discussion 
of super and anyonic quantum groups. The important point is that there is an additional, 
previously undiscussed structure, which cannot be seen until the variable t as defined by ( |4.2| ) 
is introduced. From ([4. 21) and (^)-( |3^) we compute the g — > — 1 limit of A[|^] and see using 
also ( p. 4] ) that t has the following braided Hopf structure, 

At = t®l + l^t + i9®9 , e{t) = , S{t) = -t . (4.19) 

This is an interesting result, because it means that although t and dt satisfy the algebra associ- 
ated with ordinary (undeformed) calculus, t has non standard braided Hopf structure. From the 
definition (4.2) it follows that 9 and t commute. Considered along with the chain rule expansion 



of the g-calculus derivative ( 4.111) , it is clear that in the q ^ —1 limit the g-calculus algebra 



can be written in terms of independent t and 9 parts. However, from ( 4.19| ), we see that 9 



appears in the coproduct of t, and so the when we consider the full braided Hopf structure, no 
such separation can be performed. The fact that we cannot regard this braided Hopf algebra 
as a product entity is fundamental to this view of supersymmetry. To see this we rewrite the 



coproducts of 9 and t using the notation of (|3.5| )- (|3.7|) , 

9^A9 = e + 9 , t ^ At = t + t, + ie9 , (4.20) 

where 

t,= hm ^ (4.21) 
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is the even variable associated with e (cf. ( |4.2D ), and is independent of t. Comparing this with 
(1.1) and ( |1.2| ) we see that ( [4.20 ) is just the usual form of a finite supersymmetry transformation; 
only now the transformation of t follows from that of via the relationship (4.2). 

To conclude, let us summarize our results and outline the new point of view which they 
provide. For generic q the braided line described in section 3 is well defined. In the non-trivial 
g — > — 1 limit employed here the nilpotency of the odd operator prevents it from providing 
a complete description of the braided line. A convenient way in which we can obtain such a 
description is to introduce an additional variable t, defined as in ( [4.2| ). From ( [4. 51 ) this is seen 
to carry structure which, for generic q, is related to 9^ and higher powers of 6. So in the q —1 
limit used here the braided line is made up of the two variables 9 and t, which span the one- 
dimensional superspace. Furthermore, under a shift along this braided line 9 and t transform 



exactly as in supersymmetry (4.20). Thus we are able to identify superspace with the braided 
line in the limit in question here, and supersymmetry as translational invariance along this line. 
This means that superspace cannot be regarded as the tensor product of independent t and 9 
parts, but that it is instead a single braided geometric entity. From the point of view of this 
braided geometric interpretation, supersymmetry is not a symmetry between independent odd 
and even sectors, but translational invariance within a single space. 



Our work also provides a braided interpretation of the ideas developed in [12|, where rigid 
superspace is viewed as the central extension of the odd supertranslation group by the group of 



ordinary (even) translations. Note also that the definitions (|4.2| ), (4.7), and the identification 



(4.21), make exact the notion of superspace as a non-trivial square root of ordinary space. 
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